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On dependence of rational points on elliptic curves
Mohammad Sadek
Abstract
Let E be an elliptic curve defined over Q. Let Γ be a subgroup of E(Q) and P ∈ E(Q).
In [1], it was proved that if E has no nontrivial rational torsion points, then P ∈ Γ if
and only if P ∈ Γ mod p for finitely many primes p. In this note, assuming the General
Riemann Hypothesis, we provide an explicit upper bound on these primes when E does
not have complex multiplication and either E is a semistable curve or E has no exceptional
prime.
Re´sume´
Soit E une courbe elliptique de´finie surQ. Soit Γ un sous-groupe de E(Q) et P ∈ E(Q).
Dans [1], il a e´te´ prouve´ que si E n’a pas de points de torsion rationnelles non triviales,
alors P ∈ Γ si et seulement si P ∈ Γ mod p pour un nombre fini de nombres premiers p.
Dans cette note, supposons l’hypothe`se ge´ne´ral de Riemann, nous fournissons une borne-
supe´rieure explicite sur ces nombres premiers quand E n’a pas de multiplication complexe
et soit E est une courbe semi-stable ou E n’a aucun nombre premier exceptionnel.
1 Introduction
For a given set of rational points on an elliptic curve E defined over Q, there are several
methods to check if these points are linearly dependent. These methods include heights
on elliptic curves, and the two descent algorithm. In [1], the authors showed that linear
dependence of rational points on certain abelian varieties over a given number field K
satisfies a local to global principle. Namely, a set of rational points on such an abelian
variety satisfies a dependence relation over K if and only if it satisfies a dependence
Mathematics Subject Classification: 11G05, 14G05
1
relation when reduced modulo all but finitely many primes of K. In fact, they even
proved a stronger version of the latter result. More precisely, a dependence relation
of rational points holds on these abelian varieties if and only if these points satisfy
dependence relations modulo finitely many primes. The reader interested in detecting
dependence of rational points on abelian varieties via reduction maps may consult [3, 4]
and the references there.
In this note, we analyse the aforementioned results. Given an elliptic curve E/Q
and a basis P1, . . . , Pr for E(Q), a point P ∈ E(Q) lies in a subgroup Γ ⊂ E(Q) if and
only if the reduction of P lies in Γ modulo finitely many primes. The choice of these
primes depends on E, the points P, P1, . . . , Pr, and the subgroup Γ. Assuming that E
has no nontrivial rational torsion points, we introduce an explicit upper bound on these
primes when E has no complex multiplication and either E is semistable or E has no
exceptional prime where certain values are not attained by the j-invariant of E. The
key idea in order to provide such a bound is to use an effective version of Chebotarev’s
theorem which assumes the Generalized Riemann hypothesis, GRH.
2 Linear dependence of rational points
In this section we will review the main results of [1] for an elliptic curve defined over Q.
Let E be an elliptic curve defined over Q. We assume moreover that E has no nontrivial
torsion over Q. Let P1, . . . , Pr be a basis for E(Q).
For each j, 1 ≤ j ≤ r, a lattice Γ˜j ⊂ E(Q) is defined, see p. 334 for the precise
definition of Γ˜j. Given P ∈ E(Q) there exist n1, . . . , nr ∈ Z such that P = n1P1+ . . .+
nrPr. For each 1 ≤ j ≤ r and for each prime l | nj , the field Lj,l is defined as follows:
Lj,l := Q
(
E[lkj,l+1],
1
lkj,l
Γ˜j
)
,
where kj,l is chosen such that the image of the residual representation
ρ
l
kj,l+1 : Gal
(
Q(E[lkj,l ])/Q
)→ GL2 (Z/lkj,l+1Z)
contains a nontrivial homothety and such that E[lkj,l] contains at least r points, see
Theorem 6.3 of [1]. In particular since E[lkj,l ] ∼= Z/lkj,lZ × Z/lkj,lZ, it follows that
lkj,l ≥ √r. Moreover one must have kj,l ≥ ordl(nj), see Theorem 6.4 in [1]. Therefore
one may choose kj,l ≥ max
{
log r
2 log l
,
log |nj |
log l
}
such that the image of the representation
ρ
l
kj,l+1 contains a nontrivial homothety.
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One observes that
Lj,l ⊂ Fj,l := Q
(
E[lkj,l+1],
1
lkj,l
E(Q)
)
since Γ˜j ⊂ E(Q).
The authors in [1] defined a finite set Sj,l which contains all primes q such that
every σ ∈ Gal(Lj,l/Q) is a Frobenius element at some q ∈ Sj,l. An effective version of
Chebotarev’s theorem was used to construct the set Sj,l.
Given a number field L, an effective version of Chebotarev’s theorem by Lagarias
and Odlyzko states that there are effectively computable constants b1,L and b2,L such
that every element σ ∈ Gal(L/Q) is equal to the Frobenius element Frobq ∈ Gal(L/Q)
for an integer prime q such that q ≤ b1,L∆b2,LL where ∆L is the discriminant of L.
For each j such that nj 6= 0, the following sets were defined in [1]
Sj,l := {q : q ≤ b1,Lj,l∆
b2,Lj,l
Lj,l
and q is a good prime for E},
Sj :=
⋃
l|nj
Sj,l.
The set S is defined by
S :=
⋃
1≤j≤r,nj 6=0
Sj .
A local to global property for dependence of rational points on an abelian variety of
certain type defined over a number field can be found in [1] and the references there. In
fact, an elliptic curve defined over Q is an abelian variety which satisfies the hypotheses
of [1, Theorem 6.4], see [1, Corollary 4.3]. Throughout this note, if P ∈ P2(Q), we write
Pp for the reduction of P in P
2(Fp).
Theorem 2.1 (Theorem 6.4, [1]). Let E be an elliptic curve defined over Q. Let P ∈
E(Q) and let Γ be a subgroup of E(Q). Let S be the finite set defined above. If Pp ∈ Γ
mod p for all p ∈ S then P ∈ Γ + E(Q)tor. Hence if E(Q)tor ⊂ Γ, then the following
conditions are equivalent:
(1) P ∈ Γ.
(2) Pp ∈ (Γ mod p) for all p ∈ S.
Remark 2.2. In Theorem 2.1, the equivalence holds because Sj,l contains the primes
q for which every σ ∈ Gal(Lj,l/Q) is equal to the Frobenius element Frobq at q. An
effective version of Chebotarev’s theorem by Lagarias and Odlyzko is used to provide an
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upper bound for these primes q, see the proofs of Theorem 6.2 and Theorem 6.4 of [1].
Thus one can replace Sj,l with any finite set containing the primes q in the definition
of S in Theorem 2.1. In fact, we will use a different effective version of Chebotarev’s
theorem to introduce an alternative finite set.
In the following lemma, we collect different effective versions of Chebotarev’s Density
Theorem. One can use these versions to redefine the sets Sj,l, Sj and S, see Remark 2.2.
The following can be found as Theorem 2.2 and Proposition 2.3 in [5].
Lemma 2.3. Let L/Q be a finite Galois extension. We denote the absolute value of the
discriminant and the degree of L/Q by ∆L and dL respectively. Let C be a conjugacy
class of Gal(L/Q). There is an integer prime p such that the Frobenius at p is in C,
and such that p satisfies the following bounds.
a) There is an absolute effectively computable constant A such that p ≤ 2∆AL .
Now we assume the GRH.
b) There is an absolute effectively computable constant b such that p ≤ b(log∆L)2.
In fact, one may take b = 70.
c) If S is a set of prime numbers such that L/Q is unramified outside of S, for the
conjugacy class C in Gal(L/Q), there exists a prime number p 6∈ S such that the
Frobenius at p is in C, and such that
p ≤ 280d2L
(
log dL +
∑
q∈S
log q
)2
.
For each 1 ≤ j ≤ r and each prime l | nj , we recall that Lj,l ⊂ Fj,l := Q
(
E[lkj,l+1],
1
lkj,l
E(Q)
)
.
Now we define sets S ′j,l, S
′
j and S
′ under the assumption of the GRH. Assuming the GRH,
one can use Lemma 2.3 (c) in order to define a set S ′j,l which contains all the primes q
such that every σ ∈ Gal(Fj,l/Q) is the Frobenius element at some q ∈ S ′j,l. We set
S ′j,l := {q : q ≤ 280d2Fj,l
(
log dFj,l +
∑
q∈B
log q
)2
and q is a good prime for E},
S ′j :=
⋃
l|nj
S ′j,l,
S ′ :=
⋃
1≤j≤r,nj 6=0
S ′j,
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where dFj,l is the degree of the extension Fj,l/Q, and B is the set of primes outside which
the field Fj,l is unramified. In fact, the field Fj,l is unramified outside the set of bad
primes of E and the prime l, see [8, Theorem 1].
Theorem 2.1 and Remark 2.2 yield the following consequence.
Corollary 2.4. Assume that E is an elliptic curve defined over Q such that E(Q)tor =
{OE}. Let P ∈ E(Q) and Γ a subgroup of E(Q). Let S ′ be defined as above. The
following conditions are equivalent:
(1) P ∈ Γ.
(2) Pp ∈ (Γ mod p) for all p ∈ S ′.
3 Bounds
In this section we find explicit bounds for the coefficients of a linear dependence relation
in E(Q).
3.1 A bound on the coefficients of a linear dependence relation
Let E be an elliptic curve defined over Q with rank r such that E(Q)tor = {OE}. Let
P1, . . . , Pr be a basis for E(Q). Recall that the height pairing on E is
〈 , 〉 : E × E → R
〈P,Q〉 = hˆ(P +Q)− hˆ(P )− hˆ(Q)
where hˆ : E → R is the canonical height on E, see (§9, VIII, [9]). The regulator matrix
RE of E is given by (〈Pi, Pj〉)1≤i,j≤r. The eigen values of RegE are λ1 ≤ λ2 ≤ . . . ≤ λr.
Lemma 3.1. Let P ∈ E(Q) be such that
P =
r∑
i=1
niPi, ni ∈ Z.
For each j, 1 ≤ j ≤ r, one has
|nj| ≤
∣∣∣∣〈P, P 〉λ1
∣∣∣∣1/2
where NT =
(
n1 n2 . . . nr
)
.
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Proof: Using the fact that the height pairing 〈 , 〉 is bilinear and positive definite, one
obtains the following equality
〈P, P 〉 =
∑
i,j
ninj〈Pi, Pj〉 = NT RegE N ≥ 0.
In addition, one has
min
i
λi ≤ N
T RegE N
NTN
≤ max
i
λi.
One observes that NTN =
∑
i
n2i , therefore for any j, 1 ≤ j ≤ r, one has
〈P, P 〉 = NT RegE N ≥ λ1NTN ≥ λ1n2j .
✷
3.2 Bounding the degree of a Kummer extension
In the following lemma we estimate the degree of the Kummer extension Fj,l = Q
(
E[lkj,l+1],
1
lkj,l
E(Q)
)
.
Lemma 3.2. Let E/Q be an elliptic curve of rank r. Let l be an integer prime and m
a positive integer. Let L denote the field Q
(
E[lm],
1
lm−1
E(Q)
)
. Then
[L : Q] ≤ (l2 − 1)(l2 − l)l2mr+4(m−1).
Proof: The Galois group of the field extension Q
(
E[lm],
1
lm−1
E(Q)
)
/Q(E[lm]) can
be viewed as a subgroup of the product (E[lm])r. Therefore, the degree of the extension
is at most l2mr. Now it is known that Gal (Q(E[lm])/Q) →֒ GL2(Z/lmZ), where the
latter group is of order (l2− 1)(l2− l)l4(m−1), hence follows the upper bound for [L : Q].
✷
4 Main results
We assume that E is an elliptic curve defined over Q with E(Q)tor = {OE} and the
rank of E(Q) is r > 0. Therefore, all rational points in E(Q) are of infinite order. Let
P1, . . . , Pr be a basis for E(Q).
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Let Γ = d1ZP1 + d2ZP2 + . . .+ dsZPs + . . .+ drZPr where di ∈ Z \ {0} if 1 ≤ i ≤ s
and di = 0 otherwise. Assume that P = n1P1 + . . . + nrPr for some ni ∈ Z. In view of
Corollary 2.4, P ∈ Γ if and only if P ∈ Γ mod p for every prime p lying in the finite set
S ′.
Lemma 4.1. Assume the GRH. For any prime q ∈ S ′j,l, one has
q ≤ 280M2j,l [log(Mj,lQj,l)]2
where Mj,l = (l
2 − 1)(l2 − l)l2(kj,l+1)r+4kj,l , and Qj,l is the product of the prime divisors
of the discriminant of the field extension Fj,l/Q.
Proof: Recall that
S ′j,l := {q : q ≤ 280d2Fj,l
log dFj,l + ∑
p∈Bj,l
log p
2 and q is a good prime for E}
where Bj,l is the set of primes outside which Fj,l is unramified. Those primes are exactly
the prime divisors of the discriminant of the field extension Fj,l/Q. In particular, the set
Bj,l contains the bad primes of E together with l. We set dFj,l to be the degree of the ex-
tension Fj,l/Q. Therefore for every q ∈ S ′j,l, one has q ≤ 280d2Fj,l
(
log dFj,l +
∑
l′
log l′
)2
where l′ is a prime in Bj,l. Now the statement of the lemma follows once one observes
that Mj,l is the upper bound of dFj,l obtained in Lemma 3.2. ✷
We recall that a prime integer l is said to be an exceptional prime for an elliptic curve
E defined over Q if the mod l Galois representation ρE,l : Gal (Q(E[l])/Q)→ GL2(Z/lZ)
is not surjective. If E has complex multiplication then every prime is exceptional except
possibly for the prime 2. If E has no complex multiplication then it was proved by
Serre that the number of exceptional primes is finite, see [7]. In fact Serre conjectured
that any exceptional prime for E is less than or equal to 37. Mazur proved that if E is
semistable with no complex multiplication, then no prime ≥ 11 can be exceptional for
E, see [6]. In [2], in terms of heights, almost all elliptic curves are proved to have no
exceptional primes.
We will use the following two lemmas to produce an explicit bound on the primes
in the finite set S ′ defined in §2 if E defined over Q has no complex multiplication, and
either E has no exceptional primes or E is semistable.
Lemma 4.2. Let E be an elliptic curve defined over Q with no complex multiplication.
Let j be the j-invariant of E. Let ρln : Gal (Q(E[l
n])/Q) → GL2(Z/lnZ) be the Galois
representation associated to the ln-torsion points of E. The following statements hold.
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i. ρ2 is not surjective if and only if j = 256(t+1)
3/t or j = t2+1728 for some t ∈ Q.
ii. ρ3 is not surjective if and only if j = 27(t+1)(t+9)
3/t3 or j = t3 for some t ∈ Q.
iii. ρ5 is not surjective if and only if
j =
53(t + 1)(2t+ 1)3(2t2 − 3t+ 3)3
(t2 + t− 1)5 , j =
52(t2 + 10t+ 5)3
t5
, or j = t3(t2+5t+40)
iv. ρ7 is not surjective if and only if
j = t(t+1)
3(t2−5t+1)3(t2−5t+8)3(t4−5t3+8t2−7t+7)3
(t3−4t2+3t+1)7
,
j = 64t
3(t2+7)3(t2−7t+14)3(5t2−14t−7)3
(t3−7t2+7t+7)7
, or
j = (t
2+245t+2401)3(t2+13t+49)
t7
for some t ∈ Q.
Proof: This is Proposition 6.1 in [10]. ✷
Lemma 4.3. Let E be an elliptic curve defined over Q with no complex multiplication.
Let j be the j-invariant of E. Let ρl∞ : Gal
(
Q/Q
) → GL2(Zl) be the Galois represen-
tation describing the Galois action on the Tate module of E. The following statements
hold.
i. The representation ρ2∞ is not surjective if and only if ρ2 is not surjective, or j is
of the form
−4t3(t + 8), −t2 + 1728, 2t2 + 1728, or − 2t2 + 1728
for some t ∈ Q.
ii. The representation ρ3∞ is not surjective if and only if ρ3 is not surjective, or
j = −3
7(t2 − 1)3(t6 + 3t5 + 6t4 + t3 − 3t2 + 12t+ 16)3(2t3 + 3t2 − 3t− 5)
(t3 − 3t− 1)9
for some t ∈ Q.
iii. If l ≥ 5 then ρl∞ is not surjective if and only if ρl is not surjective.
Proof: This is Lemma 6.6 in [10]. ✷
One remarks that if ρl∞ is surjective then ρln is surjective for any positive integer n.
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Theorem 4.4. We assume the GRH. Let E/Q be an elliptic curve with no complex mul-
tiplication and no exceptional primes. Assume that E(Q) ∼= Zr, r > 0. Let P1, . . . , Pr be
a basis for E(Q), and λ the minimum eigen value of the regulator matrix (〈Pi, Pj〉)1≤i,j≤r.
We assume that the j-invariant j of E is not written as
256(t+ 1)3
t
, t2 + 1728, −4t3(t+ 8), −t2 + 1728, 2t2 + 1728, or − 2t2 + 1728
for any t ∈ Q. Let P ∈ E(Q) and Γ a subgroup of E(Q). The following conditions are
equivalent.
1) P ∈ Γ where P = n1P1 + . . .+ nrPr, ni ∈ Z.
2) Pp ∈ Γ mod p, for every prime p ≤ 280M2 [log(M Q)]2 whereM = (C−1)
(
C −√C
)
CK(r+2)+r,
C =
∣∣∣∣〈P, P 〉λ
∣∣∣∣1/2, K = max{2, log r2 log 2 , logClog 2
}
, and Q = max
1≤j≤r
l|nj
Qj,l where Qj,l is
the product of the prime divisors of the discriminant of Fj,l/Q.
Proof: Theorem 2.1 implies that P ∈ Γ if and only if Pp ∈ Γ mod p for every p ∈ S ′
where
S ′ :=
⋃
1≤j≤r, nj 6=0
⋃
l|nj
S ′j,l
 .
Lemma 4.1 implies that if q ∈ S ′j,l, then q ≤ 280M2j,l [log(Mj,lQj,l)]2 where Mj,l =
(l2 − 1)(l2 − l)l2(kj,l+1)r+4kj,l , and we choose kj,l ≥ max
{
log r
2 log l
,
log |nj |
log l
}
such that the
image of the residual representation
ρ
l
kj,l+1 : Gal
(
Q(E[lkj,l ])/Q
)→ GL2 (Z/lkj,lZ)
contains a nontrivial homothety, see §2. Since E has no exceptional primes it follows that
ρl2 is surjective for every prime l, hence the image of ρl2 contains a nontrivial homothety
for every prime l 6= 2. It follows that one can set kj,l = max
{
1,
log r
2 log l
,
log |nj |
log l
}
when
l 6= 2. In view of Lemma 4.2 and Lemma 4.3 our assumption on the values taken by the
j-invariant of E forces ρ2∞ to be surjective, and hence the representation ρ2n is surjective
for any positive integer n. In particular the residual representation ρ8 is surjective. In
other words the image of ρ8 contains a nontrivial homothety. Therefore one may set
kj,2 = max
{
2,
log r
2 log 2
,
log |nj|
log 2
}
.
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For every j, 1 ≤ j ≤ r, one has |nj | ≤ C, see Lemma 3.1. If l is a prime dividing
nj , then 2 ≤ l ≤
√
C. Therefore kj,l ≤ K = max
{
2,
log r
2 log 2
,
logC
log 2
}
for every j, l. Thus
one obtained an upper bound M = (C − 1)
(
C −√C
)
C(K+1)r+2K for Mj,l in Lemma
4.1 for any l, j. Therefore if p ∈ S ′, then p ≤ 280M2 [log(M Q)]2. ✷
Theorem 4.5. We assume the GRH. Let E/Q be a semistable elliptic curve with no
complex multiplication such that E(Q) ∼= Zr, r > 0. Let P1, . . . , Pr be a basis for E(Q),
and λ the minimum eigen value of the regulator matrix (〈Pi, Pj〉)1≤i,j≤r. We assume
that the j-invariant j of E is not written as
256(t+ 1)3
t
, t2 + 1728, −4t3(t+ 8), −t2 + 1728, 2t2 + 1728, −2t2 + 1728,
27(t+ 1)(t+ 9)3
t3
, t3, −3
7(t2 − 1)3(t6 + 3t5 + 6t4 + t3 − 3t2 + 12t+ 16)3(2t3 + 3t2 − 3t− 5)
(t3 − 3t− 1)9 ,
53(t+ 1)(2t+ 1)3(2t2 − 3t+ 3)3
(t2 + t− 1)5 ,
52(t2 + 10t+ 5)3
t5
, t3(t2 + 5t+ 40),
t(t+ 1)3(t2 − 5t+ 1)3(t2 − 5t+ 8)3(t4 − 5t3 + 8t2 − 7t+ 7)3
(t3 − 4t2 + 3t+ 1)7 ,
64t3(t2 + 7)3(t2 − 7t+ 14)3(5t2 − 14t− 7)3
(t3 − 7t2 + 7t+ 7)7 , or
(t2 + 245t+ 2401)3(t2 + 13t+ 49)
t7
for any t ∈ Q. Let P ∈ E(Q) and Γ a subgroup of E(Q). The following conditions are
equivalent.
1) P ∈ Γ where P = n1P1 + . . .+ nrPr, ni ∈ Z.
2) Pp ∈ Γ mod p, for every prime p ≤ 280M2 [log(M Q)]2 whereM = (C−1)
(
C −√C
)
CK(r+2)+r,
C =
∣∣∣∣〈P, P 〉λ
∣∣∣∣1/2, K = max{2, log r2 log 2 , logClog 2
}
, and Q = max
1≤j≤r
l|nj
Qj,l where Qj,l is
the product of the prime divisors of the discriminant of Fj,l/Q.
Proof: The proof is similar to that of Theorem 4.4. Since E is semistable with no
complex multiplication, it follows that the residual representation
ρl2 : Gal (Q(E[l])/Q)→ GL2 (Z/lZ)
is surjective for any l ≥ 11, see [7]. That the j-invariant is not one of the ones above
implies that ρl2 is surjective for any prime l < 11, see Lemma 4.2 and Lemma 4.3. It
follows that the image of ρl2 contains a nontrivial homothety for any l 6= 2. Again our
assumption on the j-invariant implies that ρ2∞ is surjective which yields that the residual
representation ρ8 contains a nontrivial homothety. The latter argument together with
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the fact that 2 ≤ l ≤ √C yield the upper bound K for kj,l, hence the upper bound M
for Mj,l for every j, l, see Lemma 4.1. ✷
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